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∇×κ(r, ω)∇× −
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Eˆ(r, ω) = iωµ0jˆN(r, ω),
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∗(r, r′, ω) =
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(r, r′,−ω∗),
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(r, r′, ω) =
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T(r′, r, ω),
AÅ¨¡È:Ê¤∫
d3s
{
Im κ(s, ω)
[ 
(r, s, ω)×
←−
∇ 
]
·
[
∇  ×
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∗(s, r′, ω)
]
+
ω2
c2
Im ε(s, ω)
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(r, s, ω)·
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∗(s, r′, ω)
}
= Im

(r, r′, ω)
 Å¡È 1¤
 T
ij =

ji
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∇
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c £Í¾jTjÍbD
Ã
j 4(
Í)5¨~ ﬀj ¤jNÍtLÄx cn#^TnÄ>" 
Ã
AjnÍ£ JNnÍ±5Aj "¨jDt
%ÄjnÍ
fˆe(r, ω)
j
fˆm(r, ω)

λ

λ′ ∈{e,m}
¤ /O jZÍ#"¨Í & jCCnjÍ£Í Íb/0 jZ£D(
D
Ã
j  *Łu+ j+
Ã
j¨n £b+)jju
Ã
 j!jÍ£Í0j4%Í#"Í£ £nÍAcjÍ£Äj
^bÄuÍu§¤(jÍ^bÍ

PM7!È  PM7 ﬂ  PM7 2y :
Pˆ N(r, ω) = i
√
~ε0
pi
Im ε(r, ω) fˆe(r, ω),
AÅ¨¡ÈtÉN¤
MˆN(r, ω) =
√
−
~κ0
pi
Im κ(r, ω) fˆm(r, ω) =
√
~
piµ0
Imµ(r, ω)
|µ(r, ω)|2
fˆm(r, ω),
AÅ¨¡ ÅD.N¤
bA
fˆλ(r, ω)
u
fˆ
†
λ(r, ω)
Äcn
Ã
Äju   u n &% 7ÂÍ£jR ﬀ¨n 7jÍ+/LAj
Í"Í n 
[
fˆλi(r, ω), fˆλ′j(r
′, ω′)
]
= 0 =
[
fˆ †λi(r, ω), fˆ
†
λ′j(r
′, ω′)
]
,
 Å¡ Å¨È:¤[
fˆλi(r, ω), fˆ
†
λ′j(r
′, ω′)
]
= δλλ′δijδ(r − r
′)δ(ω − ω′).
 Å¡ ÅÅ¤
7" Í£jÄjÍ£u
Ã
 JÍ¡AÅ¨¡ÈtÉN¤ j  Å¨¡¥Å/.N¤ J  §¡x Å¡ÈrÆ¤ 
Ã
  j b    c¡xAÅ¨¡ÈÈr¤ jTt
Ã
 §¡5 Å¡Èr¤   j+Djj)( ÍÍÍ£n#£G*n+E" Äcª ﬀ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%ÄjnÍ
Eˆ(r) =
∫ ∞
0
dω Eˆ(r, ω) + H.c.
=
∑
λ=e,m
∫
d3r′
∫ ∞
0
dω

λ(r, r
′, ω)·fˆλ(r
′, ω) + H.c.
AÅ¨¡¥Å/ﬂN¤
bA

e(r, r
′, ω) = i
ω2
c2
√
~
piε0
Im ε(r′, ω)

(r, r′, ω),
 Å¡ ÅD2N¤

m(r, r
′, ω) = i
ω
c
√
−
~
piε0
Im κ(r′, ω)
[
∇
′×

(r′, r, ω)
]T
.
 Å¡ ÅÆ¤
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 È 1
!Z )5 jN
Ã
 R Å¨¡ È 1N¤Â jÍ
∑
λ=e,m
∫
d3s

λ(r, s, ω)·

∗T
λ (r
′, s, ω) =
~µ0
pi
ω2Im

(r, r′, ω).
 Å¡ ÅÇ¤
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Ã
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 uÍn¡<JjÍ  §¡¶ Å¨¡62J¤ÂtjÍG
Bˆ(r) =
∑
λ=e,m
∫
d3r′
∫ ∞
0
dω
iω
∇×

λ(r, r
′, ω)·fˆλ(r
′, ω) + H.c.
AÅ¨¡¥ÅÊ¤
 j
Dˆ

Hˆ

Pˆ
j
Mˆ
n¾Äc ^jj,^£  JÍ¡§ Å¨¡ ÇN¤5	 Å¨¡ ÉN¤  Å¡È:É¤[j]AÅ¨¡ ÅD.N¤ ¡ﬁÂT u7)
 uÍ^3Aj *jÍ¾n°ÄxŁjjjn ^& jŁT u7) jÍL/b jŁ"¨jDt
%ÄjnÍ
fˆλ(r, ω)
j
fˆ
†
λ(r, ω)
 ?Í£
Ã
NA^ G GE"

PM7 ﬂﬃA¡    j   +E"Äc
ÍAubRAZn £*jnﬂjRjuj *jnRÄx "`Aj  n (FBJj bRJ4(ÀTLT u7)
 uÍ ﬃ ¡ ﬃ3¡ Èr¤
[
Eˆi(r), Eˆj(r
′)
]
= 0 =
[
Bˆi(r), Bˆj(r
′)
]
,
 Å¡ Å/1¤[
Eˆi(r), Bˆj(r
′)
]
= −i~ε−10 ijk∂kδ(r − r
′).
 Å¡ ÅÉ¤
j
Ã
£jj]Í£
|{0}〉
/O jTnjj)( Í£ÍÍ ŁnD
Ã
j +*n`Í5j;*jjn`Ä-"
fˆλ(r, ω)|{0}〉 =  ∀λ, r, ω
 Å¡!ﬂ9.¤
jT j+?!Äcn£¢Ín!tDÄx!ÍA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/ un]/  j3nn?9cnÍ
fˆ
†
λ(r, ω)
ªAjÍ
Ã
ujRÍ£¡	ﬁZÄ>%jÍ4" xAj¾nn 
*  Å¨¡¥Å/ﬂN¤ÂÍ %jÍj
Ã
` Í %jjE%
Ã
 
〈Eˆ(r)〉 = 〈{0}|Eˆ(r)|{0}〉 =  ,
 Å¨¡$ﬂuÈr¤
 jZG ﬀjÄuÍ5u(FJn£G=ujjÍX ﬃ ¡ ﬃL¡Èr¤
〈[∆Eˆ(r)]2〉 = 〈{0}|Eˆ2(r)|{0}〉 − 〈{0}|Eˆ(r)|{0}〉2 =
~µ0
pi
∫ ∞
0
dω ω2 tr
[
Im

(r, r, ω)
]
 Å¡!ﬂNÅ¤
 jCRLjn£Djn`Ä-"] u3D
Ã
#"  |/[ j  £nn`nuÍ Ł`njÍ£Í nun b   Aj
=j ) jÍÍ&+Ajnn

ÈrÊÅ ¡

 Í3#TÍ Z4%  jÍJjnjŁ/GAj j£nÍ£nN jNÍ unnujT L c
CjÍ
Ã
 j ?!Dj +/O jTnjj)( Í£ÍÍ  *nC Äx
HˆF =
∑
λ=e,m
∫
d3r
∫ ∞
0
dω ~ω fˆ †λ(r, ω)·fˆλ(r, ω),
AÅ¨¡!ﬂ/ﬂN¤
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* 	x  Bﬃ
l    hih	
 È:É
 u? nÍnJÄcn
Ã
jC/ T
˙ˆ
O = i~−1
[
Hˆ, Oˆ
]
 Å¡!ﬂ/2N¤
Ã
jnÍ Ajn£n bT (Àj cnujnjK^G jK*jÍjÍuC` jb jLË  ﬀ n±JjÍ
∇·Bˆ(r) = 0,
AÅ¨¡$ﬂNÆ¤
∇·Dˆ(r) = 0,
AÅ¨¡$ﬂÇN¤
∇×Eˆ(r) +
˙ˆ
B(r) =  ,
AÅ¨¡$ﬂNÊ¤
∇×Hˆ(r)−
˙ˆ
D(r) = 
AÅ¨¡$ﬂ91N¤
£ ^u&*nR ﬃ+M¡ ﬃ3¡¥Å¤ ¡
  %/ Aj3t)TnNZ/¢,-*n JnjÍ	 ÍjÍ£;^j[ªNjjn3Ít j
%cnNÍ ^G jnn jCujj*jÍ
Eˆ(r) = −∇ϕˆ(r)−
˙ˆ
A(r),
AÅ¨¡!ﬂÉN¤
Bˆ(r) = ∇×Aˆ(r).
AÅ¨¡$29.N¤

)Âj3Ä
Ã

Ã
,
∇·Aˆ(r)=0
:Aj *jÍ£[jLÍnjXTÍ¶ u £
Ã
N@jLÍj/  §¡jAÅ¨¡$ﬂÉN¤
£XJ¾Aj
Ã
uj 
‖
¤GjCjÍ%n£Í+
⊥
¤j£Í D¶Ajn *jn  j
a‖(⊥)(r) =
∫
d3r′ δ‖(⊥)(r − r′)·a(r′)
 Å¡$2jÈ:¤
bA
δ‖(r) = −∇∇
(
1
4pir
)
, δ⊥(r) = δ(r)  − δ‖(r)
AÅ¨¡$2NÅ¤
^b]£Äj#" %n *n
a(r)
6 jnun JÍ¡[AÅ¨¡¥Å/ﬂN¤(± Å¨¡$ﬂ9ﬂN¤Gu#AÅ¨¡$ﬂ/2J¤ÂGj4"DA
∇ϕˆ(r) = −
∑
λ=e,m
∫
d3r′
∫ ∞
0
dω ‖

λ(r, r
′, ω)·fˆλ(r
′, ω) + H.c.,
AÅ¨¡62>ﬂN¤
Aˆ(r) =
∑
λ=e,m
∫
d3r′
∫ ∞
0
dω
iω
⊥

λ(r, r
′, ω)·fˆλ(r
′, ω) + H.c.
AÅ¨¡6292J¤
 j
‖(⊥)   ‖(⊥)(r, r′) =
∫
d3s
∫
d3s′ δ‖(⊥)(r − s)·   (s, s′)·δ‖(⊥)(s′ − r′)
 Å¡$2JÆ¤
^X#Äj 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  (r, r′)
¡

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Ã
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Πˆ(r) = −ε0Eˆ
⊥(r),
AÅ¨¡$2ÇN¤
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[
Aˆi(r), Aˆj(r
′)
]
= 0 =
[
Πˆi(r), Πˆj(r
′)
]
,
 Å¡$2JÊ¤[
Aˆi(r), Πˆj(r
′)
]
= i~δ⊥ij(r − r
′).
 Å¡$2>1¤
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Im ε(r, ω) > 0
j
Imµ(r, ω) > 0
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Im ε(r, ω)→ 0
j
Imµ(r, ω)→ 0
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Im ε(r, ω)≥ 0
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Imµ(r, ω)≥ 0
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α ∈ A
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qα

∑
α∈A qα = 0
¤([+Í£ÍÍ
mα

cÍ jÍ
rˆα
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pˆα
  j Aj Í 7jj T u7)
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rˆαi, rˆβj
]
=
[
pˆαi, pˆβj
]
= 0,
[
rˆαi, pˆβj
]
= i~δαβδij
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HˆA =
∑
α∈A
pˆ2α
2mα
+
1
2
∫
d3r ρˆA(r)ϕˆA(r)
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ρˆA(r) =
∑
α∈A
qαδ(r − rˆα),
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ϕˆA(r) =
∫
d3r′
ρˆA(r
′)
4piε0|r − r′|
=
∑
α∈A
qα
4piε0|r − rˆα|
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∆ϕˆA(r) = −ε
−1
0 ρˆA(r);
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˙ˆρA(r) + ∇·jˆA(r) = 0
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jˆA(r) =
∑
α∈A
qα
2
[
˙ˆrαδ(r − rˆα) + δ(r − rˆα) ˙ˆrα
]
.
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rˆA =
∑
α∈A
mα
mA
rˆα, rˆα = rˆα − rˆA
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mA =
∑
α∈Amα
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pˆA =
∑
α∈A
pˆα, pˆα = pˆα −
mα
mA
pˆA
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[
rˆAi, rˆAj
]
=
[
pˆAi, pˆAj
]
= 0,
[
rˆAi, pˆAj
]
= i~δij,
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[
rˆαi, rˆβj
]
=
[
pˆαi, pˆβj
]
= 0,
[
rˆαi, pˆβj
]
= i~
(
δαβ −
mβ
mA
)
δij ' i~δαβδij,
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[
rˆαi, rˆAj
]
=
[
pˆαi, pˆAj
]
=
[
rˆαi, pˆAj
]
=
[
rˆAi, pˆαj
]
= 0,
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HˆA =
pˆ2A
2mA
+
∑
α∈A
pˆ2α
2mα
+
1
2
∫
d3r ρˆA(r)ϕˆA(r) =
pˆ2A
2mA
+
∑
n
En|n〉〈n|
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PˆA(r) =
∑
α∈A
qαrˆα
∫ 1
0
dσ δ
(
r − rˆA − σrˆα
)
,
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MˆA(r) =
∑
α∈A
qα
2
∫ 1
0
dσ σ
[
δ
(
r − rˆA − σrˆα
)
rˆα×
˙ˆ
rα −
˙ˆ
rα×rˆαδ
(
r − rˆA − σrˆα
)]
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dˆ =
∑
α∈A
qαrˆα =
∑
α∈A
qαrˆα,
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mˆ =
∑
α∈A
qα
2
rˆα×
˙ˆ
rα,
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ρˆA(r) = −∇·PˆA(r),
AÅ¨¡¥ÇÇN¤
jˆA(r) =
˙ˆ
PA(r) + ∇×MˆA(r) + jˆRo(r),
AÅ¨¡¥ÇÊ¤
jˆRo(r) =
1
2
∇×
[
PˆA(r)× ˙ˆrA − ˙ˆrA×PˆA(r)
]
,
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jˆRo(r)
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∇ϕˆA(r) = ε
−1
0 Pˆ
‖
A (r).
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∑
α∈A
qα
mα
〈m|pˆα|n〉 = iωmndmn
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ωmn =(Em−En)/~
u
dmn = 〈m|dˆ|n〉
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1
2~
∑
k
ωkn(dnkdkn + dkndnk) =
∑
α∈A
q2α
2mα
 .
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pˆα 7→ pˆα − qαAˆ(rˆα)
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Hˆ =
∑
λ=e,m
∫
d3r
∫ ∞
0
dω ~ω fˆ †λ(r, ω)·fˆλ(r, ω) +
∑
α∈A
1
2mα
[
pˆα − qαAˆ(rˆα)
]2
+
1
2
∫
d3r ρˆA(r)ϕˆA(r) +
∫
d3r ρˆA(r)ϕˆ(r) = HˆF + HˆA + HˆAF
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HˆAF =
∑
α∈A
qαϕˆ(rˆα)−
∑
α∈A
qα
mα
pˆα ·Aˆ(rˆα) +
∑
α∈A
q2α
2mα
Aˆ2(rˆα)
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Aˆ(rˆα)
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Eˆ(r) = Eˆ(r)−∇ϕˆA(r), Bˆ(r) = Bˆ(r),
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Dˆ(r) = Dˆ(r)− ε0∇ϕˆA(r), Hˆ(r) = Hˆ(r),
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∇·Bˆ(r) = 0,
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∇·Dˆ(r) = ρˆA(r),
AÅ¨¡ ÊÊ¤
∇×Eˆ(r) +
˙ˆ
B(r) =  ,
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∇×Hˆ(r)−
˙ˆ
D(r) = jˆA(r),
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mα ¨ˆrα = qαEˆ(rα) +
1
2
qα
[
˙ˆrα×Bˆ(rα)− Bˆ(rα)× ˙ˆrα
]
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˙ˆrα = m
−1
α
[
pˆα − qαAˆ(rˆα)
]
.
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∑
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Uˆ = exp
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~
∫
d3r PˆA(r)·Aˆ(r)
]
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Sˆ, Oˆ
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Sˆ,
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Sˆ, Oˆ
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fˆ ′λ(r, ω) = fˆλ(r, ω) +
1
~ω
∫
d3r′ Pˆ⊥A (r
′)·

∗
λ(r
′, r, ω),
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Hˆ =
∑
λ=e,m
∫
d3r
∫ ∞
0
dω ~ωfˆ ′†λ (r, ω)·fˆ
′
λ(r, ω) +
∑
α∈A
1
2mα
[
pˆ′α +
∫
d3r Ξˆ′α(r)×Bˆ
′(r)
]2
+
1
2ε0
∫
d3r Pˆ ′2A (r)−
∫
d3r Pˆ ′A(r)·Eˆ
′(r) = Hˆ ′F + Hˆ
′
A + Hˆ
′
AF
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Hˆ ′F =
∑
λ=e,m
∫
d3r
∫ ∞
0
dω ~ωfˆ ′†λ (r, ω)·fˆ
′
λ(r, ω),
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Hˆ ′A =
∑
α∈A
pˆ′2α
2mα
+
1
2ε0
∫
d3r Pˆ ′2A (r) =
pˆ′2A
2mA
+
∑
α∈A
pˆ′2α
2mα
+
1
2ε0
∫
d3r Pˆ ′2A (r)
=
pˆ′2A
2mA
+
∑
n
E ′n|n
′〉〈n′|,
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Hˆ ′AF = −
∫
d3r Pˆ ′A(r)·Eˆ
′(r)−
∫
d3r
ˆ˜
M ′A(r)·Bˆ
′(r) +
∑
α∈A
1
2mα
[∫
d3r Ξˆ′α(r)×Bˆ
′(r)
]2
+
1
mA
∫
d3r pˆ′A ·Pˆ
′
A(r)×Bˆ
′(r)
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M ′A(r) =
∑
α∈A
qα
2mα
∫ 1
0
dσ σ
[
δ
(
r−rˆ′A−σrˆ
′
α
)
rˆ′α×pˆ
′
α − pˆ
′
α×rˆ
′
αδ
(
r−rˆ′A−σrˆ
′
α
)]
,
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′
α(r) = qαrˆ
′
α
∫ 1
0
dσ σδ
(
r − rˆ′A − σrˆ
′
α
)
−
mα
mA
∑
β∈A
qβ rˆ
′
β
∫ 1
0
dσ σδ
(
r − rˆ′A − σrˆ
′
β
)
+mαm
−1
A Pˆ
′
A(r)
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Hˆ ′AF = −dˆ
′ ·Eˆ′(rˆ′A)−
ˆ˜m′ ·Bˆ′(rˆ′A) +
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q2α
8mα
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ˆ¯r′α×Bˆ
′(rˆ′A)
]2
+
3
8mA
[
dˆ′×Bˆ′(rˆ′A)
]2
+ m−1A pˆ
′
A ·dˆ
′×Bˆ′(rˆ′A)
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loc(rA, rA, ω) =
ω
6pic
{
3(εA − 1)
2εA + 1
c3
ω3R3cav
+
9[ε2A(5µA − 1)− 3εA − 1]
5(2εA + 1)2
c
ωRcav
+ i
[
9ε
5/2
A µ
3/2
A
(2εA + 1)2
− 1
]}
 +
(
3εA
2εA + 1
)2 
(1)(rA, rA, ω) +O(ωRcav/c)
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|rA − s|6
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χ(r, ω) =
ε−10
∑
B nB(r)αB(ω)
1− (3ε0)−1
∑
C nC(r)αC(ω)
.
 ﬂ¨¡!19.¤
!5 )Íun
χ(r, ω)
Í  jX#j£n¶jÍ^£/	ut £nÍxuÍ ^jj 5N 3jÍ£¢Í)Í# "
 uXjj 
χ(r, 0)>χ(r, iξ)> 0
^
ξ > 0
  jC` uÍ A5 uXjJF"
1
3ε0
∑
B
nB(r)αB(0) < 1
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(r, r′, ω) = −1
3
(c/ω)2δ(ρ)  +   (r, r′, ω)
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∆KU(rA) =
K∑
L=1
∆LKU(rA),
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∆LKU(rA) =
∑
η1≥0,...,ηL≥0
η1+...+ηL=K−L
[
L∏
J=1
∫
V
d3sJ
∑
BJ
nBJ (sJ)q
ηJ (sJ , iξ)
1− (3ε0)−1
∑
CJ
nCJ (sJ)αCJ (iξ)
] ∫ ∞
0
dξ
× VAB1...BL(rA, s1, . . . , sL, iξ)
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VA1...AJ (r1, . . . , rJ) =
∫ ∞
0
dξ VA1...AJ (r1, . . . , rJ , iξ)
=
(−1)J−1~µJ0
2pi
∫ ∞
0
dξ ξ2JαA1(iξ)· · ·αAJ (iξ)tr
[
  (r1, r2, iξ)· · ·   (rJ , r1, iξ)
]
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q(r, iξ) =
−(3ε0)
−1
∑
B nB(r)αB(iξ)
1− (3ε0)−1
∑
C nC(r)αC(iξ)
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∞∑
K=1
∆KU(rA) =
∞∑
K=1
K∑
L=1
∆LKU(rA) =
∞∑
L=1
∆LU(rA),
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∆LU(rA) =
[
L∏
J=1
∫
V
d3sJ
∑
BJ
nBJ (sJ)
1− (3ε0)−1
∑
CJ
nCJ (sJ)αCJ (iξ)
∞∑
ηJ=0
qηJ (sJ , iξ)
]∫ ∞
0
dξ
×VAB1...BL(rA, s1, . . . , sL, iξ)
=
[
L∏
J=1
∫
V
d3sJ
∑
BJ
nBJ (sJ)
]
VAB1...BL(rA, s1, . . . , sL),
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∞∑
η=0
qη(r, iξ) = 1−
1
3ε0
∑
B
nB(r)αB(iξ)
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3ε0
∑
B
nB(r)αB(0) < 1.
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Sf(r1, . . . , rJ) =
1
(2− δ2J)J
∑
Π∈P (J)
f(rΠ(1), . . . , rΠ(J))
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tr
[
  (r1, r2, ω)· · ·   (rJ , r1, ω)
]
= tr
[
  (rΠ(1), rΠ(2), ω)· · ·   (rΠ(J), rΠ(1), ω)
]
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Str
[
  (r1, r2, ω)· · ·   (rJ , r1, ω)
]
=
∑
Π∈P (J)
tr
[
  (rΠ(1), rΠ(2), ω)· · ·   (rΠ(J), rΠ(1), ω)
]
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U(rA) =
∞∑
L=1
1
L!
[
L∏
J=1
∫
V
d3sJ
∑
BJ
nBJ (sJ)
]
UAB1...BL(rA, s1, . . . , sL)
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UA1...AN (r1, . . . , rN)
=
(−1)N−1~µN0
(1 + δ2N )pi
∫ ∞
0
dξ ξ2NαA1(iξ)· · ·αAN (iξ)Str
[
  (r1, r2, iξ)· · ·   (rN , r1, iξ)
]
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αB(0)
ε0
=
2
3~ε0
∑
k
|dB0k|
2
ωBk0
≈
2e2a2B
3ε0ERy
fB = 4fBVat
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ε(0)v −
√
ε(0)µ(0)− 1 + v2
ε(0)v +
√
ε(0)µ(0)− 1 + v2
'
[
1
2
−
1
4v2
]
χ(0)−
1
4v2
ζ(0)
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µ(0)v −
√
ε(0)µ(0)− 1 + v2
µ(0)v +
√
ε(0)µ(0)− 1 + v2
' −
1
4v2
χ(0) +
[
1
2
−
1
4v2
]
ζ(0)
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C4 = −
~cα(0)
640pi2ε0
[
23χ(0)− 7 ζ(0)
]
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ε(0)µ(0)− 1 + v2 '
√
ε(0)µ(0)
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C4 = −
3~cα(0)
64pi2ε0
[
−
2
Z3
ln(1+Z) +
2
Z2
+
4
Z
ln(1+Z)
−
1
Z
−
4
3
− Z + 2Z2 − 2Z3 ln
(
1 +
1
Z
)]
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µ(0)

ωPe/ω10 =0.75

ωTe/ω10 =1.03

ωTm/ω10 =1

γe/ω10 = γm/ω10 =0.001
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ε(ω)
j
µ(ω)
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ε(ω) = 1 +
ω2Pe
ω2Te − ω
2 − iωγe
, µ(ω) = 1 +
ω2Pm
ω2Tm − ω
2 − iωγm
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d≡ d−1
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U(zA) =
~µ0
8pi2
∫ ∞
0
dξ ξ2α(iξ)
∫ ∞
0
dq
q
b
e−2bzA
{
[µ2(iξ)b2 − b21] tanh(b1d)
2µ(iξ)bb1 + [µ2(iξ)b2 + b21] tanh(b1d)
−
(
1 + 2
q2c2
ξ2
)
[ε2(iξ)b2 − b21] tanh(b1d)
2ε(iξ)bb1 + [ε2(iξ)b2 + b21] tanh(b1d)
}
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mA ¨ˆrA =
∑
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∑
α∈A
{
qαEˆ(rα) +
qα
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[
˙ˆrα×Bˆ(rα)− Bˆ(rα)× ˙ˆrα
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Fˆ =
∫
d3r
[
ρˆA(r)Eˆ(r) + jˆA(r)×Bˆ(r)
]
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Fˆ = −
∫
d3r
[
∇·PˆA(r)
]
Eˆ(r) +
∫
d3r
˙ˆ
PA(r)×Bˆ(r)
+
∫
d3r
(
∇×
{
MˆA(r) +
1
2
[
PˆA(r)× ˙ˆrA − ˙ˆrA×PˆA(r)
]})
×Bˆ(r).
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∇PˆA(r)= −∇APˆA(r)
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∇MˆA(r)= −∇AMˆA(r)
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∫
d3r
[
∇·PˆA(r)
]
Eˆ(r) = ∇A
[∫
d3r PˆA(r)·Eˆ(r)
]
+
∫
d3r PˆA(r)×
˙ˆ
B(r),
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∫
d3r
(
∇×
{
MˆA(r) +
1
2
[
PˆA(r)× ˙ˆrA − ˙ˆrA×PˆA(r)
]})
×Bˆ(r)
= ∇A
{∫
d3r
[
MˆA(r) + PˆA(r)× ˙ˆrA
]
·Bˆ(r)
}
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Fˆ = ∇A
{∫
d3r PˆA(r)·Eˆ(r) +
∫
d3r
[
MˆA(r) + PˆA(r)× ˙ˆrA
]
·Bˆ(r)
}
+
d
dt
∫
d3r PˆA(r)×Bˆ(r).
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Fˆ = ∇A
[
dˆ·Eˆ(rˆA) + mˆ·Bˆ(rˆA) + dˆ× ˙ˆrA ·Bˆ(rˆA)
]
+
d
dt
[
dˆ×Bˆ(rˆA)
]
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d
dt
[
dˆ×Bˆ(rˆA)
]
=
˙ˆ
d×Bˆ(rˆA) + dˆ×
˙ˆ
B(r)
∣∣
  =ˆ  A
+ 1
2
dˆ×
[(
˙ˆrA ·∇A
)
Bˆ(rˆA) + Bˆ(rˆA)
(←−
∇A · ˙ˆrA
)]
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Fˆ =
{
∇
[
dˆ·Eˆ(r)
]
+
d
dt
[
dˆ×Bˆ(r)
]}
  =ˆ  A
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mA ˙ˆrA = mA ˙ˆr
′
A =
∑
α∈A
mα ˙ˆr
′
α = pˆ
′
A +
∫
d3r Pˆ ′A(r)×Bˆ
′(r)
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rˆ′A = rˆA
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mA ¨ˆrA = mA¨ˆr
′
A =
∑
α∈A
mα ¨ˆr
′
α = Fˆ
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Fˆ ′ =
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[
Hˆ, pˆ′A
]
+
d
dt
∫
d3r Pˆ ′A(r)×Bˆ
′(r).
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∇′APˆ
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A(r) =
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[
1
2ε0
∫
d3r Pˆ ′2A (r), pˆ
′
A
]
=
1
2ε0
∫
d3r∇
[
Pˆ ′A(r)
]2
=  ,
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[∑
α∈A
1
2mα
{
pˆ′α +
∫
d3r Ξˆ′α(r)×Bˆ
′(r)
}2
, pˆ′A
]
= ∇A
{∫
d3r
[
Mˆ ′A(r) + Pˆ
′
A(r)×
˙ˆrA
]
·Bˆ′(r)
}
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Fˆ ′ = ∇A
{∫
d3r Pˆ ′A(r)·Eˆ
′(r) +
∫
d3r
[
Mˆ ′A(r) + Pˆ
′
A(r)×
˙ˆrA
]
·Bˆ′(r)
}
+
d
dt
∫
d3r Pˆ ′A(r)×Bˆ
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[
Pˆ⊥A (r)
]2
= −
∫
d3r∇
[
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= 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[
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Fˆ ′ =
{
∇
[
dˆ′ ·Eˆ′(r)
]
+
d
dt
[
dˆ′×Bˆ′(r)
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fλ(r, ω) = i~
−1
[
Hˆ, fˆλ(r, ω)
]
= −iωfˆλ(r, ω) + i~
−1dˆ·

∗
λ(rˆA, r, ω).
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fˆλfree(r, ω, t) = e
−iω(t−t0)fˆλ(r, ω)
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fˆλsource(r, ω, t) =
i
~
∫ t
t0
dτ e−iω(t−τ)dˆ(τ)·

∗
λ[rˆA(τ), r, ω]
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F (t) = Ffree(t) + Fsource(t),
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Ffree(t) =
∑
λ=e,m
∫
d3r′
∫ ∞
0
dω
{
∇
〈
dˆ(t)·

λ(r, r
′, ω)·fˆλ(r
′, ω)
〉
e−iω(t−t0)
+
1
iω
d
dt
[〈
dˆ(t)×
[
∇×

λ(r, r
′, ω)
]
·fˆλ(r
′, ω)
〉
e−iω(t−t0)
]}
  =ˆ  A(t)
+ C.c.
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mag
source(t)
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F elsource(t) =
{
iµ0
pi
∫ ∞
0
dω ω2
∫ t
t0
dτ e−iω(t−τ)
×∇
〈
dˆ(t)·Im

[r, rˆA(τ), ω]·dˆ(τ)
〉}
  =ˆ  A(t)
+ C.c.,
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{
µ0
pi
∫ ∞
0
dω ω
d
dt
∫ t
t0
dτ e−iω(t−τ)
×
〈
dˆ(t)×
(
∇×Im

[r, rˆA(τ), ω]
)
·dˆ(τ)
〉}
  =ˆ  A(t)
+ C.c.
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aˆ(r, ω)
Í5jjn`]jj&j+9cn :
aˆ(r, ω)|{0}〉 = 0 ∀ r, ω;
 2j¡¥ÇÉN¤
 j
aˆ†(r, ω)
nŁÄxjÍC njÍ£j bÍ
Ã
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Ã
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|1(r, ω)〉 = aˆ†(r, ω)|{0}〉.
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jjjRÄ-"`Í£Í|/ Aj^
|1〉|{0}〉
j
|0〉|1(rA, ω)〉
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Ã
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Hˆ|1〉|{0}〉 = E1|1〉|{0}〉+ ~
∫ ∞
0
dω g(rA, ω)|0〉|1(rA, ω)〉,
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Hˆ|0〉|1(rA, ω)〉 = (E0 + ~ω)|0〉|1(rA, ω)〉+ ~g(rA, ω)|1〉|{0}〉.
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ν
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ων
u bu 
γν/2ων
:
g2(r, ω) = g2(r, ων)
γ2ν/4
(ω − ων)2 + γ2ν/4
+ g′2(r, ω),
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g′2(r, ω)
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|1ν〉 =
√
γν
2pi
∫ ∞
0
dω√
(ω − ων)2 + γ2ν/4
|1(rA, ω)〉;
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Ã
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

Ã
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Ã
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0
dω
(ω − ων)2 + γ2ν/4
=
2pi
γν
^
γν/2 ων.
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|ψ(t)〉
n`Äc b n`Í
F (rA, t) =
{
〈ψ(t)|∇
[
dˆ·Eˆ(r)
]
|ψ(t)〉
}
  =   A
+
{
d
dt
[
〈ψ(t)|dˆ×Bˆ(r)|ψ(t)〉
]}
  =   A
= F el(rA, t) + F
mag(rA, t)
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Ã
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Ã
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F el(rA, t) = −~
∫ ∞
0
dω 〈ψ(t)|
[
∇g(r, ω)aˆ(r, ω)|1〉〈0|
]
  =   A
|ψ(t)〉+ C.c.
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Í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  `Í£ 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Ã
£jj ( Í£ *
j#~²¤
Ã
uj( Í 7X bA#^Í
Ã
&"u¤ 8ﬀ¨nnjÍ ( T¨jD:
|ψ(t0)〉 = |θ〉 = cos θ |1〉|{0}〉+ sin θ |0〉|1ν〉, θ ∈ [0, pi];
 2j¡¥Ê/1N¤
jjn
|ψ(t)〉
t]Äx
Ã
&%`Ł jK^£
|ψ(t)〉 = ψ1(t)|1〉|{0}〉+
∫ ∞
0
dω ψ0(ω, t)|0〉|1(rA, ω)〉
 2j¡ ÊÉN¤
bACj  xjj jÍ
ψ1(t0) = cos θ, ψ0(ω, t0) =
√
γν
2pi
sin θ√
(ω − ων)2 + γ2ν/4
,
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Ã
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Ã
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Ã
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F el(rA, t) = −~
∫ ∞
0
dω
[
∇g(r, rA, ω)
]
  =   A
g(rA, ω)
ψ∗1(t)ψ0(ω, t) + C.c.
 2j¡$1uÈr¤

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Ã
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i~
∂
∂t
|ψ(t)〉 = Hˆ|ψ(t)〉,
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ψ˙1(t) = −i(E1/~)ψ1(t)− i
∫ ∞
0
dω g(rA, ω)ψ0(ω, t),
 2j¡!1/ﬂN¤
ψ˙0(ω, t) = −i(E0/~+ ω)ψ0(ω, t)− ig(rA, ω)ψ1(t).
 2j¡!1D2J¤
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ψ0(ω, t) =
√
γν
2pi
sin θ e−i(E0/   +ω)(t−t0)√
(ω − ων)2 + γ2ν/4
− ig(rA, ω)
∫ t
t0
dτ e−i(E0/   +ω)(t−τ)ψ1(τ).
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Ã
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ψ1(t)
:
F el(rA, t) = −pi~[γν/ΩR(rA)]
[
∇g(r, rA, ων)
]
  =   A
sin θe[−i(E0/   +ων)−γν/2](t−t0)ψ∗1(t)
+ i~
∫ ∞
0
dω
[
∇g(r, rA, ω)
]
  =   A
∫ t
t0
dτ e−i(E0/   +ω)(t−τ)ψ∗1(t)ψ1(τ) + C.c.
 2j¡$1ÇN¤
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ΩR(rA) =
√
2piγνg2(rA, ων)
unj
Ã
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/  §¡[ 2j¡$1ÇN¤ Í!Äcn?Äuj`Ä>"]jÍ£
Ã
 jXÍ
Ã
8( £nÍj ^£& 2u¡ Ê/ﬂ¤5D  j *
ÍAcn £j
g2(r, ω)

jn£nÄ>" j
Ã
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Ã
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g′2(r, ω)
j## (
Ã
jÍ0  ^
g(r, r′, ω)
jLÄ>"Z %)
Ã
 j ^Jjnj "N
Ã
Ä>"ZDnjÍ0/ j£n )
∫ ∞
0
dω
e−iωx
(ω − ων)2 + γ2ν/4
=
2pi
γν
e−iωνx−γν |x|/2
^
γν/2 ων.
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ψ˙1(t) = −i(E1/~)ψ1(t)−
1
2
iΩR(rA) sin θ e
[−i(E0/   +ων)−γν/2](t−t0)
−
∫ ∞
0
dω g2(rA, ω)
∫ t
t0
dτ e−i(E0/   +ω)(t−τ)ψ1(τ).
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Ã
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Ã
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g′2(r, ω)
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Ã
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M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ψ1(t) = e
[−iE1/   −iδω′1(   A)−Γ
′
1
(   A)/2](t−t0)φ1(t),
 2j¡!1ÉN¤
 j
φ1(t)
ÍG uXÍ£¨ª¾ jj 	J xJ
φ¨1(t) +
{
i∆(rA) + [γν − Γ
′
1(rA)]/2
}
φ˙1(t) +
1
4
Ω2R(rA)φ1(t) = 0
 2j¡ É9.N¤
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Ã
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φ1(t0) = cos θ, φ˙1(t0) = −
1
2
iΩR(rA) sin θ.
 2j¡¥É¨Èr¤
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δω′1(rA) =
µ0
pi~
P
∫ ∞
0
dω ω2
d10 ·Im

(1)(rA, rA, ω)·d01
ω˜′10(rA)− ω
+
Ω2R(rA)
4
∆(rA)
∆2(rA) + γ2ν/4
 2u¡¥ÉNÅ¤
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Γ′1(rA) =
2µ0
~
[
ω˜′10(rA)
]2
d01 ·Im
 [
rA, rA, ω˜
′
10(rA)
]
·d10 −
Ω2R(rA)
4
γν
∆2(rA) + γ2ν/4
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ω˜10(rA)=[E˜1(rA)−E0]/~= ω
′
10+δω
′
1(rA)
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∆(rA) = ων − ω˜
′
10(rA)
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Ã
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φ1(t) = c+(rA)e
Ω+(   A)(t−t0) + c−(rA)e
Ω−(   A)(t−t0),
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Ω±(rA) = −
1
2
{
i∆(rA)+[γν−Γ
′
1(rA)]/2
}
∓ 1
2
√{
i∆(rA)+[γν−Γ′1(rA)]/2
}2
− Ω2R(rA)
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c±(rA) =
Ω∓(rA) cos θ +
1
2
iΩR(rA) sin θ
Ω∓(rA)− Ω±(rA)
.
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F el(rA, t) = −pi~[γν/ΩR(rA)]
[
∇g(r, rA, ων)
]
  =   A
sin θ q(rA, t− t0)
+ ~
∫ ∞
0
dω
[
∇g(r, rA, ω)
]
  =   A
s(rA, ω, t− t0) + C.c.
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q(rA, t) = e
{−i∆(   A)−[γν+Γ
′
1(   A)]/2}t
[
c∗+(rA)e
Ω∗+(   A)t + c∗−(rA)e
Ω∗
−
(   A)t
]
 2u¡¥É91¤
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s(rA, ω, t) = |c+(rA)|
2 e
[−Γ′1(   A)+Ω
∗
+(   A)+Ω+(   A)]t − e{i[ω˜
′
10(   A)−ω]−Γ
′
1(   A)/2+Ω
∗
+(   A)}t
ω − ω˜′10(rA) + iΓ
′
1(rA)/2− iΩ+(rA)
+ c∗+(rA)c−(rA)
e[−Γ
′
1(   A)+Ω
∗
+(   A)+Ω−(   A)]t − e{i[ω˜
′
10(   A)−ω]−Γ
′
1(   A)/2+Ω
∗
+(   A)}t
ω − ω˜′10(rA) + iΓ
′
1(rA)/2− iΩ−(rA)
+ c∗−(rA)c+(rA)
e[−Γ
′
1(   A)+Ω
∗
−
(   A)+Ω+(   A)]t − e{i[ω˜
′
10(   A)−ω]−Γ
′
1(   A)/2+Ω
∗
−
(   A)}t
ω − ω˜′10(rA) + iΓ
′
1(rA)/2− iΩ+(rA)
+ |c−(rA)|
2 e
[−Γ′1(   A)+Ω
∗
−
(   A)+Ω−(   A)]t − e{i[ω˜
′
10(   A)−ω]−Γ
′
1(   A)/2+Ω
∗
−
(   A)}t
ω − ω˜′10(rA) + iΓ
′
1(rA)/2− iΩ−(rA)
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F mag(rA, t) =
iµ0ωνγν
ΩR(rA)
d10×
[
∇×Im

(r, rA, ων)·d01
]
  =   A
sin θ
d
dt
q(rA, t− t0)
−
iµ0
pi
∫ ∞
0
dω ωd10×
[
∇×Im

(r, rA, ω)·d01
]
  =   A
d
dt
s(rA, ω, t− t0) + C.c.
 2j¡ÈE.9.N¤
 JjÍ 2j¡ ÉNÊ¤j  2u¡È ./.N¤¢j Tj  j ^ÍJ £Â/± u:¤ M"Dt   ^nŁ
  D( ;% ^ZÄj "`Í££n
Ã
  / jT)>*n?nMj
Ã
"b  R j¾Í#"Í£j 4"
Äcn
Ã
u j`]Í 7
|θ〉
  §¡[ 2j¡¥Ê/1N¤ ¡

C u ^ b
Ã
ÂnjÍjn5 u  +T
Ã
tÍ£nÍ
/ﬂÂn/BCj]Í£
Ã
),-*Łn j
Ã
¡
L#n/BR,-*n?n j
Ã
ÍZ£tÍ£nR&Aj jÍ ( T¨j
ν
Í %"RÄuN 
γν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|∆(rA)| 2Ω
2
R(rA)/γν
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Ω±(rA) =

−i∆(rA)− [γν − Γ
′
1(rA)]/2
iΩ2R(rA)
4
∆(rA)
∆2(rA)+γ2ν/4
−
Ω2R(rA)
8
γν
∆2(rA)+γ2ν/4
.
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θ = 0
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c+(rA) = 0

c−(rA) = 1
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ψ1(t) = e
[−iE1/   −iδω′1(   A)−Γ
′
1
(   A)/2+Ω−(   A)](t−t0) = e[−iE1/   −iδω1(   A)−Γ1(   A)/2](t−t0).
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Ã |ψ1(τ)|
2 7→ |ψ1(t)|
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F (rA, t) = F
el(rA, t) = e
−Γ1(   A)(t−t0)F11(rA)
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F11(rA) =
µ0
pi
∫ ∞
0
dω ω2
[
∇d10 ·Im

(1)(r, rA, ω)·d01
]
  =   A
ω − ω˜10(rA)− iΓ1(rA)/2
+ C.c.
' µ0Ω
2
110(rA)
{
∇d10 ·

(1)[r, rA,Ω110(rA)]·d01
}
  =   A
+ C.c.
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Ω110(rA) = ω˜10(rA)+ iΓ1(rA)/2
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|∆(rA)|  2Ω
2
R(rA)/γν
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Ω±(rA) = −
1
2
{
i∆(rA)+[γν−Γ
′
1(rA)]/2
}
∓ 1
2
iΩ(rA),
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Ω(rA) =
√
Ω2R(rA) + ∆
2(rA)−
[
γν−Γ′1(rA)
]2
/4
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c±(rA) =
{
Ω(rA)∓∆(rA)± i
[
γν−Γ
′
1(rA)
]
/2
}
cos θ
2Ω(rA)
±
ΩR(rA) sin θ
2Ω(rA)
.
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ψ1(t) = e
−γ(   A)(t−t0)/2
[
c+(rA)e
−iE+(   A)(t−t0)/   c−(rA)e
−iE−(   A)(t−t0)/  
]
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γ(rA) =
γν
2
−
Ω2R(rA)
8
γν
∆2(rA) + γ2ν/4
+
µ0
~
[
ω˜′10(rA)
]2
d01 ·Im
 [
rA, rA, ω˜
′
10(rA)
]
·d10
'
γν/2
^
|∆(rA)|  γν/2,
Γ1(rA)/2
^
γν/2 |∆(rA)|  2Ω
2
R(rA)/γν
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E±(rA) =
1
2
[E0 + E1 + ~δω
′
1(rA) + ~ων]±
1
2
~Ω(rA)
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δω′1(rA) =
µ0
pi~
P
∫ ∞
0
dω ω2
d10 ·Im

(1)(rA, rA, ω)·d01
ω˜′10(rA)− ω
+
Ω2R(rA)
4
∆(rA)
∆2(rA) + γ2ν/4
'
Ω
2
R(rA)∆(rA)/γ
2
ν
^
|∆(rA)|  γν/2,
δω1(rA)
^
γν/2 |∆(rA)|  2Ω
2
R(rA)/γν
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∆(rA) + Ω(rA)− i
[
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F el(rA, t) = 2e
−γ(   A)(t−t0) sin2[Ω(rA)(t− t0)/2]C(rA)F11(rA),
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C(rA) =
∆2(rA)− [γν−Γ
′
1(rA)/2]
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α ∈ (0, pi/2),
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α ∈ (0, pi).
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